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Section |

10 marks
Attempt Questions 1 - 10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1 — 10

(1) What is the double root of the equation x* —5x* +8x-4=0?

A x= —2
B) x= -1
C) x=1
D) x=2

(2) A small car of mass 1200 kg is rounding a curve of radius 500 metres on a level road at 84km/h.
What force of friction is necessary between the wheels and the ground?
(A) 336N
(B) 52-27N
(C) 1306-67N
(D) 16934.4 N
(3) Which of the following parametric equations represent the hyperbola — y2 =42
(A) x=2tanf and y=2secéd
(B) x=4tanf and y=4secH
(C) x=2sech and y=2tand

(D) x=4sech and y=4tand



(4) Which of the following is the modulus-argument form of 2—-2i ?

(A) Zﬁcis(g J

(B) Zﬁcis(—% j

(T
©) 2ms(7j
] V4

(5) The graph of Y=

2

has:
X —4

(A) asingle vertical asymptote, two horizontal asymptotes and no turning points
(B) a single horizontal asymptote, two vertical asymptotes and no turning points
(C) asingle vertical asymptote, two horizontal asymptotes and one turning point

(D) a single horizontal asymptote, two vertical asymptotes and one turning point

(6) The point P on the Argand diagram represents the complex number z.
The point P moves such that |z|2 +|z+ 2i|2 =10.

Which of the following best describes the path traced out by P?
(A) Anellipse

(B) A hyperbola

(C) Acircle

(D) A straight line



(7) A committee of 5 people is to be chosen from a group of 6 girls and 4 boys.

How many different committees could be formed that have at least one boy.

A G-l

®) ‘CG+%C,
C) 4C1X6C4
D) “C-6

(8) The equation X’ —Y° +3xy+1=0 defines y implicitly as a function of x.

Which of the following is the expression forﬂ ?

dx

2
—X

A L
X+y
24X

® L
X =Yy

2
©) x2+y
y—x
X% —
o) 2=
y+X

(9) At time t seconds, t > 0, the velocity v m /s of a particle moving in a straight line is given by

Vv =\/§COS('[) +sin(t) —2. For what value of t does the particle first attain its maximum speed of

4m/s ?
A G
(A) t =
T
B -
(B) t =
Az
C ==
C) «x 3

(D) The particle never attains a speed of 4 m/s .

~5~



(10)

-1

The diagram above shows the graph Y =4X—X"—3 .

The shaded region bounded by the graph and the x-axis is rotated around
the y-axis to form a solid.

Which of the integrals below gives the volume of the solid?

1
(A)BEI 1-vydy
0
1
(B) sﬂ.[2+ 1-ydy
0
1
©) ﬂj1+ 1-ydy
0

©) x| 1-ydy



Section Il

90 marks

Attempt Questions 11 - 16
Allow about 2 hours and 45 minutes for this section

Answer on the blank lined paper provided. Begin a new page for each question
Your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 Marks)

Use a NEW sheet of paper.

(a) Find:

i) Jex (1+ ex)sdx. [1]

J‘ dt [2]

ii) S —
J7+6t—t2

(b) Let a=—/3+iand g=1-i .
i) EXxpress & and g in modulus-argument form. [2]
i) Find @p in modulus-argument form. [1]
L 11z [2]
iii) Hence, or otherwise, find the exact value of tan =——.

Express your answer in its simplest form.

Question 11 continues on the next page



Question 11 (Continued)

2 2

(c) For the ellipse —+2— =1
C or the ellipse¢ —r+—=
P 25

16
Find the eccentricity.
Find the coordinates of the foci S and S'.
Find the equations of the directrices.

Show that the coordinates of any point P on the ellipse can be
represented by (5c0s6,4sin6).

Show that PS + PS’ is a constant.

End of Question 11

[1]

[1]

[1]

[2]

[2]



Question 12 (15 Marks)

Use a NEW sheet of paper.

(a)

Given the function y = f(x) in the diagram above, sketch on separate diagrams,

showing all intercepts, turning points and asymptotes:

i) y="f(x) [1]
i) y =f(x) [2]
i) y="f(2x) [2]
_ 1 [2]
VY

V) y=g'® [2]

Question 12 continues on the next page
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Question 12 (Continued)

Z 4o (3]

(b) Using the substitution t = tan 9, find j _
2 4 +3sin 0

©) 3]

The points A and B on the Argand diagram above represent the complex

numbers z and @ respectivelyand z = o =2.

If argz=candargw = g show that z+ @ =4cos(ﬂ;“)_

End of Question 12

~11 ~



Question 13 (15 Marks)

Use a NEW sheet of paper.

(@) The roots of the equation x* —9x* + 31x+m = 0 are in an arithmetic sequence. [3]

Find the roots of the equation and hence the value of m.

2 2

. . Xy
(b) The point P(xo,yo) lies on the hyperbola 42 - b? =1, where a>b>0.

P(X,, ¥n)
i)  Write down the equations of the two asymptotes of the hyperbola. [1]
i) Show that the acute angle & between the two asymptotes satisfies [2]
2ab

tan o = 4% _p?

iii) If M and N are the feet of the perpendiculars drawn from P to the [3]
a’b’
asymptotes, show that MPx NP = .

ymp a’+b°

iv) Hence find the area of APMN in terms of a and b. [2]

Question 13 continues on the next page
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Question 13 (Continued)

(©)

i) Find the rational values of A,B and C given:

vy’ +8 _ A N By+C
(y-2)(y*+2y+4) y-2 y'+2y+4

5 2.2
ii) Hence find j%y;S dy.

End of Question 13

~13 ~

[2]

[2]



Question 14

Use a NEW sheet of paper.

(a)

The curvesy = 1 and y=k—X2, for some real number k, intersect at the
X

points P, Q and R where the x-coordinates are x =, x =  and x = y

respectively.

i) Show that the monic cubic equation with coefficients in terms of k
whose roots are az,ﬁz andyz isgiven by x® — 2kx? +k?x-1=0.

ii) Find the monic cubic equation with coefficients in terms of k whose

and 1

27 2 2"

a” p /4

roots are:

iii) Hence find in simplest form C]:’2+OQ2 +OR? in terms of K,
where O is the origin.

Question 14 continues on the next page
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(15 Marks)

[3]

[1]

[2]



Question 14 (Continued)
(b)
[2]

n
i) Show that a reduction formula for I, = I(In x)2dx, where n is a positive
: : "on
integer, is I, = x(In x)2 _EI”’Z'

e 2]
4
i) Hence, or otherwise, evaluate '[(In X) dx.
1

(c)
3mg

A model aircraft P, of mass m=8Kkg is attached to the end of a 10 m long
inelastic wire, with the other end fixed to the ground.
The model flies in a horizontal circle so that the wire makes an angle of 30°
with the ground. The uplift created by the wings of the aircraft is a vertical
forceamg . (take g = 10ms™)

i) By resolving the forces at P, calculate the tension in the wire. [3]

ii) Calculate the angular velocity about the centre of the horizontal circle. [2]

End of Question 14
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Question 15 (15 Marks)

Use a NEW sheet of paper.

(a)

A mould for a section of concrete piping is made by rotating the region bounded by

the curve y = 0 , and the x axis between the lines x =0 and x =1 through
4-X
one complete revolution about the line x =3. All measurements are in metres.

i) By considering strips of width ox parallel to the axis of rotation, show that the [2]
volume V m® of the concrete used in the piping is given by
1
v =127] 37X k.
0 4 — X2
i) Hence find the volume of the concrete used in the piping, giving your answer [2]

correct to the nearest cubic metre.

Question 15 continues on the next page
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Question 15 (Continued)

b)
i)  Use De Moivre’s Theorem to show that cos 46 =8cos* @ —8cos? 6 +1. [2]
ii) Show that the equation 16x* —16x>+1=0 has roots [2]
V4 Vs o or
X=C0S ,X=-CO0S _, X=COS and X=-cos .
12 12 12 12

iii) By considering this equation as a quadratic equation in x*, find the exact [3]

S5r
value of cos
12

c) Inthe diagram, PQ is the diameter of the circle with centre O.

RV intersects SQ and PQ at U and T respectively.
If ZQRT = ZRSQ, prove that:

1) ZTPV = ZRSQ. [1]
i) ZRTQ isaright angle. [2]
iii) PU is a diameter of the circle passing through P,T,U and S. [1]

End of Question 15
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Question 16

Use a NEW sheet of paper.

(@) Use the letters of the word STRE T C H to answer the following.

i) How many two-letter arrangements can be made?

ii) If the letters are selected at random to create a two-letter arrangement, what is

the probability that the two-letter arrangement will be “TT”” ?

iii) The creation of two-letter arrangements from theword STRETCH is
repeated.

How many two-letter arrangements need to be created to ensure that the
probability of obtaining the arrangement “TT”” at least once, exceeds 90%?

(b)
i) Show that sin(2r +1)@—sin(2r—1)6 =2sin@cos2ré, wherer is a

positive integer.

i) Hence show that for n>1

sin Gzn:cos 2rf =%{sin (2n+1)6-sin 9}.
=1

% NEY
iii) Hence evaluate COS™| — |-
=r) 100

Question 16 continues on the next page

~18 ~

(15 Marks)

[1]
[1]

[2]

[1]

[2]

[3]



Question 16 (Continued)

(©)

i) Use the principle of mathematical induction to prove that 3" > n® for all [4]

integers n>4.

ii) Hence or otherwise show that f/§>{1/ﬁ for all integersn>4. [1]

End of paper

~19 ~
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Select the altemative A, B, € or D that best answers the question. Fill in thevesponse oval
gaiﬁ?@&%ﬁiﬁ?« .
Sample 2+4=7 W ®e s ms

AO B® CO DO

If vou think vou have made a mistake, put 2 cross through the incorrect answer and fillin the |
new answar. ’

i@ 3 <O DO

If you change your mind and have crossed out what you consider to be the comect answer,
then indicate this by wrting the word correct and drawing

,{Ig:;;?gﬁg
A 3% o

an arvowy oo follosvs:

Student Number: @?V?‘S W@”Z‘S )
A A

Completely fill the response oval representing the most correct answer.
. AO BO cO D@
2. A O | B Cc@® DO
3. A O BO cC® DO

cO DO
5. A O BO cO D@

6. AO BO

DO

7.0 BO cO D@

DO

BO cO DO


















Question 13
Use a NEW sheet of paper.

(15 Marksy

(a) Theroots of the equation x* —9x +31x+m = 0 are in an arithmetic saquence. 18] —

Fmd the roots of the equation and hence the value of m.

Let+ +He rovte loe o=l , X x4-d

Sum (i, ot @&ﬁ‘fv\ej : o(-ﬁ‘{ +X —%@(7‘“{/ = ":é——
A

3ol = = (—9)

l
e
ol = 3. v
— :
§um fl. a\.{" a"!s"mﬁk . dzwﬁifd'f’a( —'é{q_“f'fﬁ%}dﬂlz‘ _E’..
= - a
322_4% _ 3l




. : x )y
(b) The point A,};) lies on the hyperbola Ty =1, where a>b>0.
a

2

2

y —_—
cy;—b% / B
7\\:: :’ —_—
L O
1) Write down the equations of the two asymptotes of the hyperbola. 1] —
ii) Show that the acute angle & between the two asymptotes satisfies [2] o
tan =——2—L£)———
a’ —b* —
1\ osymudotes : y= b q:-b% e
s g ! a a
Wy  Fonee M-z
(-PM'ML Y e —— N
| ) = (M) v p Alosolute valve )
| + (%,')/—'v/a\ Sgnr chould
LAY A 7.
\ L& mclucled )
- | %24 ond Hen a
|- b7, \ reference 4o/
W
2
> | 2b x v agdbro.
o al"bL
» = a/' =
- ‘l'W'\ A g 4l /«ngw-L./ ~




%“ iil) If M and N are the feet of the mmendlculars drawn from P to the [3]
,4,_;_~~_#::‘:A‘* asymptoies, show that MPx NP = -i:w-z— o
- a +b

| iv) Hence find the area of APMN in terms of a and b. [2] -
____»_r A

;g,@ I‘Vif dictaunce from (e ys ) 4o b ~ay=

WP = distounce QQ‘@KE/\ f("(azj )«4«: L

—I—M.«_,@

L L NP = | brto+ aye P
J a *b"- iy v
‘ [ | Va%er
; £ pd
= | b™x.2=na *‘}_/o 2 V4

yd
e .

a b

f"

[Eppryoach wag .
i sy o [~ .
e was Fae Now [[te)ge) lies on f{;%{ iy

c

) % enLn cl

o

)

A

4

&#"?Lﬁm }q’ﬁ qj N
S

i
[

ko %@bfﬁzjf -

= 2 L_iL__m

L MPxNP a @ = @2!5 AL Mjﬁww/ S
2 /
a‘+b" | a™b*

A/\«M\“\/

@SS”UM.M/ Z

_ ) Area LM PN =0 i d )
S L MPNE s AMEN e ke
pog ¥"” NW

== MF.NP cin (17D

—ol Yer (’Mf'Wc; o oa u/aéw gv

‘E‘i';___

< 2
= ui azﬁf . S‘}\m@% e Toron naft i)
ol 7, L I /
L i | “ e + s
- i a 'Lé . _%hejp _ \\}é |
& aHr a @_ ) \ Qoo 77 ~.
! 3 v, j «2;* @2““&
_ab /S ] B OAN
BT ITAYS v L A~k
(a b B
hd ’ V4




Question 13 (Continued)

(c)
i) Find the rational values of A4,B and C given:
(2]
¥ +8 A By+C
-2)"° +2y+4) y=2 3 +2y+4

ii) Hence ﬁndj.w dy.

y =8 [2]

A ) Y g = Aly Woyrd) + (8q+c)(q~z)

= Ay 1A yHAA +87% 2Ry +Cy —2C

= Ciﬂ*@)\j + (LA 28'1’6)1'1 + (#Aflﬁ/\

e

B = [ A=l )
2WI8+C=0 ) B-=o0 v
h—2(=8 3 (=2
W) YT - g8y 8
i 543——8’- (y=2) (y"+2y 4

1= (3= s’\+ (y %,38)

A

1)

“(y= N (2 2t
J 7 J - -
_ .:Jl 2 4 \42—!—? V/
(Y=2\[ 3 2u+4-\
< VAND | J
Pu5-7u +8 Ju (\F'L I ) "] du
A= i ML
""(Z ‘4—-2. Wrz—r’LU'\’q"
d J -
N T~ T ~
;a/ ';?mzﬁvowm‘/s ;( sz + | — 2; ) OL:,J«
) drol ot /gac/ J | Y- (B) +(yn )
/‘M?J&eaﬁom -
o 3 )
B W = 4J +Aunly-2| =2 4o [Zf”\-i—C
[ |1 - V3 =P

amg“wer cbr\e&%%g%

Vi S

\_,\_—/\’/




B 1 ) . .
Question 14 The curves y == and Yy =K —X", for some real number £, intersect at the
. X
_ Usea NEW sheet of paper.

— points P, O and R where the x-coordinates are x =, x= f andx =y
(2
respectively.

3] i) Show that the monic cubic equation with coefficients in terms of &
. v 2 . . .
wiose roots are 052,/31 and;/ is givenby x® = 2k + k?x-1=0.

(1] ii) Find the mouic cubic equation with coefficients in terms of £ whose
. t L2 and !
roots are: —5,—and —-.
22 2
a oy

(21 i) Hence find in simplest form OF +OF +OR’ in terms of k,
where O is the origin.

' '!

‘4) hiﬂjaﬁ arne He roor< AP /" ::L

g o

Sr S o i £<44/-_ o »/

A

&

-
l Yt

a‘v v“}ik/\[x + = O, (rwca&%éj@/m)

oot — kyst -1 =0,
f”(wff)ﬂ ;—,.—-j
(ot~ K\‘“’”J“‘{i} = (=)
{9( u—-,;/!i.%—lw/é:"B = ji e
. Q,/é'*;‘ .7’_&2. -] =0 . Ao Mgurlsd
SN ﬂ&ﬁlac@ M._ﬁ&i :




\ 5 P\ B
2 2‘ ] k) A ] 7 -
Y (g (35 )
— #L_L@E%é 2\__4_#, _i_%_#f__[&%a L\ 4
_p\ 7( _ of g* aﬂ,/ Vv

A’ (.
| Fronu ""f; +1L 4. = k
AT B 3/2,
2 2. e _ z Y,
. 0P DR _4AOR = k. ./.Q;z..,

)
2
1) Show that a reduction formula for [, = j(lﬂx}%xg where 7 is a positive

integer, is /, o

o
= 35(111 x )2 --;J

Jo -
o [ \E 7
; — -
i F\W/J/‘% 4,’#‘—-%@\2_/“”“"*\

R

2& (,“77; s wad ﬁ(ﬁ‘&eﬁ’ éy Avost S““SJMT )




e

) | | 4 2] ==
ii) Hence, or otherwise, evaluate !(]ﬂx) dx.

L =4
=]
n==&

= —3€ Hz('[’j_“,,(i:mx)"je _2% )
=d

~3e +12e 24T,

i

- .
= e =24 [[oftnx)]* - T, )V
CCE J

e
/ Maost common evror o as /ﬁﬂ@@m@ I4_ )
L| fi’”‘s@”?i@@;d o.;,C :LZ?"

x/‘/\__,/_\”* /\—“—ﬁ\,/

N\

]

Z;os:sﬁ one ark /

P

A e v,,:::ﬁA«-._
e




i -

A model aircraft P, of mass m=_8kg is attached to the end of a 10 m long
inelastic wire, with the other end fixed to the ground.
The model flies in a horizontal circle so that the wire makes an angle of 30°
with the ground. The uplift created by the wings of the aircraft i isa vertical
force3mg . (take g = 10ms™)

1) By resolving the forces at 7, calculate the tension in the wire.

ii) Calculate the angular velocity about the centre of the horizontal circle.

- vertically - jg,@%ﬁ +Wc,4 .,_,,,Bffmq f
'E.ﬁ;;zo ~ “ f_} (" C
& Term 3 U= 2mg

<l 3 "

Tsin3
- | /r @\,o(?goyﬂu_éi 1: T eos 307 ~mm PUQZ' ﬁ;)
\“f;’/ v
A - p=
"3 Temsion . TeMm ’20 =2 XER1O

W -t )
%&' I commvwrocn Ervror ‘L = [bo g/
K}@f [@ e lhm ‘H‘z x:ma[@ = 320 Nwr%—f

mmg wm% *f’ﬁ'w th ywy’

) T From(2)

e Sfow | T wsz30'=mrw

i = —

3205 V3 = 8x57 "
, ?””‘”ﬁ:g;w% 2
\o (60 - A0 .0
- r=08inba” L ﬁf | /
r= ?’Q\F / 4
4 -W=2 mdlcec (wWzo)










2017 THSC Ext 2
Question 16
Method 1 Method 2

Case 0,No Ts: 5 X 4 = 20 Distinct letters: °C, x 21 =

Case 1,0ne T: 5 X 21 = 10 Same letter (TT): 1
Case 2, TT: 1 Total = 31
Total = 31

1
P(IT) = 5=

P(TT)=1—-P(notTT)

1—30><30>< 30>09
31 31 31

0.1> 30y’
' 31

30\"
log (31) < log(0.1)

log 0.1
g (37)

n> 7022

n > Since log (%) <0

Thatisn = 71

You would need to create 71 arrangements to

have over 90% chance of getting at least one TT.

6p, =30









Method 2

Let f(k) = 2k® —3k2 -3k —1
then f'(k) = 6k? — 6k — 3

y=3(2k2—2k—1)

k_2iﬁ—4x2x(—1

73 4
1++3
k=

2
k~—-0.37,137

Sofork =4, f'(k) > 0.

That is f (k) is an increasing function for k = 4.
fH) =204 -34)Y -3 -1
f(4) =67

Atk = 4, f{k) is positive and f (k) is an increasing function for k > 4.
So f(k) > 0for k = 4. Call this result (1)

Prove 3" > n3 forn = 4.
RHS = 43 LHS = 3%
= 64 = B1

> RHS
Assume forn = k.

3k > k3
Prove forn = & + 1.

3k+1—(k+ 1) =3 x 3k — (k- +orn +ox+ 1)
>3k% —k®—3k?—-3k—1 Dy assumption
=2k3-3k2-3k—-1
= f(k)
>0 fork = 4 byresult (1)
So3K —(k+1)* >0
That is 3¥*1 > (k+ 1)3

Therefore by the principle of mathematical
induction 3® > n3 for all n > 4.
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